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ABSTRACT: We demonstrate that the origin of the nonlinear elasticity of polymer networks rests in
their nonaffine deformations. We introduce the affine length Ras, which separates the solid-like elastic
deformations on larger scales from liquid-like nonaffine deformations on smaller scales. This affine length
grows with elongation A as Ra ~ A%2 and decreases upon compression as Ras ~ AY2. The behavior of
networks on scales up to Ras is that of stretched or compressed individual chains (we call them affine
strands). The affine strands are stretched in the elongation direction and confined and folded in the
effective tubes in the compression direction. The fluctuations of affine strands determine the diameters
of the confining tubes a, which change nonaffinely with the network deformation a ~ A*2. Our model
gives a unified picture of deformations of both phantom and entangled networks and leads to a stress—
strain relation that is in excellent agreement with experiments.

1. Introduction

A polymeric network is a unique state of matter
because its behavior is based on the fine interplay of
the solid-like and the liquid-like degrees of freedom. On
macroscopic length scales it behaves as a highly de-
formable elastic solid. But on microscopic length scales
individual chains move relatively freely as in a poly-
meric liquid. It is convenient to define an affine length
scale Ras separating the single chain behavior from the
elastic many-chain one. This affine length is the
shortest scale at which the parts of the network deform
proportionally to the deformation of the network as a
whole (deform affinely). At length scales shorter than
the affine length Ras the deformation is nonaffine and
is characterized by the conformations of the individual
network chains.

The elasticity of polymer networks is entropic in
nature. It is controlled by network deformations on
nonaffine length scales. The challenging problem is to
develop a molecular model of these nonaffine network
deformations. The most important question of rubber
elasticity is how the macroscopic deformation of the
network is transmitted down to the individual chains.
The first model that successfully described rubber
elasticity was the phantom network model,1=3 which
ignored the topological interactions between chains. In
this model the deformation of the network is transmit-
ted down to the individual chains only through their
ends. In section 2 we analyze in detail the deformation
of the individual chains of the phantom network. We
analyze this phantom network model by separating the
solid-like and liquid-like degrees of freedom. The solid-
like degrees of freedom are represented by an elastic
nonfluctuating solid to which the individual chains are
coupled. The strength of this coupling depends on the
stiffness of the local environment of the chain. This
coupling is modeled by effective virtual chains connect-
ing the ends of a network chain to the elastic nonfluc-
tuating solid. We find that a network chain elongates
almost affinely if it is longer than the virtual chains
connecting it to the elastic nonfluctuating solid. In the
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opposite case of a loose local environment (long virtual
chains) a network chain is almost undeformed. Net-
work swelling leads to the disinterpenetration of such
chains.®

One of the most successful ways to account for the
topological interactions between the network chains is
the tube model.® In this model the network chain is
confined by the neighboring ones to a tube-like region.
The important question is how the diameter a of this
confining tube changes with the network deformation
A. In the Edwards model® it was assumed that the tube
diameter changes affinely with the macroscopic defor-
mation of the network, a ~ 4. This assumption leads
to some predictions that do not agree well with experi-
ments.” There have been many attempts to modify the
tube model in order to improve its agreement with
experiments.8~13 Unfortunately, none of them resulted
in a self-consistent satisfactory picture of entangled
networks.

In section 3 we propose a simple model of nonaffine
confining tubes that we hope will be the first step
toward such a picture. The main result of the model is
that the tube diameter changes nonaffinely

a~ Al/z

We demonstrate that this result satisfies the condition
of topological invariance under the network deforma-
tion. This condition was explicitly enforced in a replica
variant of this model presented in the earlier work of
one of us.14

The attractive feature of our model is that it provides
a unified physical picture of the deformation of both
phantom and entangled networks. This picture is based
on the separation of liquid-like and solid-like degrees
of freedom. Both networks deform affinely on scales
larger than the affine length Ra. Deformation of both
networks on length scales smaller than R+ can be
described by the elongation of the individual chains. The
major difference between the two models is that Ras in
phantom networks changes affinely with the network
deformation

R ~ A4 (phantom)
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while in our tube model it changes nonaffinely

232 forA > 1

R.. ~
a2 fora <1

(nonaffine tube model)

In section 4 we calculate a stress—strain relation for
deformed networks based on our simple model. We
demonstrate excellent agreement between our predic-
tions and experiments on radiation-cured polybutadiene
networks.

2. Phantom Network

We begin our study of deformations in polymeric
networks from the simplest model—the phantom Gauss-
ian network. Consider a concentrated polymer solution
or melt of Gaussian chains.!> Let us assume that we
have instantaneously formed a network from an equi-
librium solution or melt. This can be achieved either
by the instantaneous cross—linking or by the end—
linking of chains. After formation of the network, the
chains “realize” that they are no longer free to move
through the system but are constrained by the cross—
links. From now on we will define a chain as a linear
section between two cross—links, even though it could
have been a part of a multiply cross—linked original
chain. We do not consider dangling ends of the network,
because they can completely relax even in the stretched
network and do not contribute to its elasticity.

Let us consider the conformations of a test chain of
N monomers. The only way the chain “knows” that it
is a part of a phantom network is because its ends
(cross—links) are no longer free but are localized and
can only fluctuate around some average positions.
There are two factors that define the amplitude of such
fluctuations: the elasticity of the test chain and the
elastic properties of the network at those places where
the chain is connected to it (Figure 1a). Therefore itis
convenient to consider the fluctuations of the network
without the test chain. The local stiffness of such
network at the two potential cross—link points can be
described by the mean square amplitude &;2 of fluctua-
tions of these potential cross—links, i = 1, 2, around
their average positions X;. One can represent the
fluctuations of a potential cross—link by the fluctuations
of the free end of an nij-mer (“virtual chain”), the other
end of which is attached at position X; inside an elastic
nonfluctuating solid (see Figure 1b). These attachment
points displace affinely with the deformation of the
network. The number of monomers n; and n», of such
virtual chains represents the fluctuations &; and &, of
the network at the places where the test chain is
connected to it, n; = (&i/b)Y2 for i = 1, 2, where b is the
monomer size (persistence length).

The monomers of virtual chains undergo thermody-
namic fluctuations like the native chains of the network.
Since the fluctuations of the cross—links are indepen-
dent,® the mean square fluctuations of the vector
between these potential cross—links without the test
chain attached to them is £2 = £;2 + &2 = b2n, where n
= n; + n3 is the total number of monomers comprising
the two virtual chains. The value &2 defines the elastic
free energy, ~kTR?/£2, of deformations having a distance
|IR| between the two potential cross—links, and thus, the
effective elastic modulus between these points is KT/&2
(k is the Boltzmann coefficient, and T is the tempera-
ture).

The local stiffness of the network varies from one
region to another because of the irregularities of the
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Figure 1. Combined chain of a phantom network. (a) A strand
is connected to the network by its ends. The chains of the
network, sketched by thin lines, are determining the local
elastic environment at the ends of the strand. (b) The fluctua-
tions of the potential cross-link x; around its average position
X1 by a typical distance &; can be represented by a virtual
chain. The number of monomers of the virtual chain is n; =
(&4/b)2. (c) The combined chain consists of the network strand
of N -monomers and two virtual chains of n; and n, monomers.
The virtual chains connect the network strand to the nonfluc-
tuating elastic solid at points X; and Xa.

network structure. These variations lead to corre-
sponding variations of the values of &; and & (or &) about
their average values. In the case of networks prepared
by cross—linking of linear chains, one can estimate the
average elastic modulus between any two potential
cross-links to be kT(b2N), where N is the average
number of monomers of the network chains. This
estimate gives us the value of the mean-squared fluc-
tuations of the distance between the potential cross—

links &2 = b2N averaged over the volume of the net-
work. Here the bar is used to distinguish averaging
over the volume of the network from thermodynamic
averaging. The distribution function of the fluctuation

length & is peaked near its average value (£2).12 The
width of the peak grows with increasing polydispersity
of the chain lengths. A method of calculating this
distribution function for a given network structure was
proposed by Ball and Higgs* on the basis of the analogy
with the calculations of the conductivity of the resistor
network. We shall not discuss these calculations in the
present paper.
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The key to finding the distribution function of the
average positions X; of the potential cross—links without
the test chain (points of attachment of the virtual chains
to the elastic solid) is to consider the equilibrium process
of the network formation. We can consider three
independent stages in the network preparation: (i) and
(ii) preparation of the two regions of the elastic medium
with one available potential cross—link in each with the
vector R between the two potential cross—links; (iii)
choosing a free polymer chain of N monomers with an
end-to-end vector R = X3 — Xz, which can be connected
to these potential cross—links. The probabilities of the
first two events, P, (X1 — X1) and Py, (X2 — X3), are
defined by the elastic free energy of two virtual chains
of total length n = n; + ny, discussed above. The
probability of the last event is Pn(X1 — X2). Here Pn(X)
is the end-to-end correlation function of the Gaussian
chain

2

Py (X) = (27b°N) "% ex (— X ) 1

n(X) = ( ) o ery 1)

The probability of finding the vector X1, = X; — Xz is

the product of the probabilities of all three independent

stages. To find the distribution function of the vector

X12, we have to sum over all allowed positions x; and
Xz of potential cross—links

fdxl dx, Py (Xp=Xp) Pr(Xp=X%5) P (X,—X5) =
PN+n1+n2(xl_X2)

This distribution function is Gaussian and coincides
with that of an effective “combined” chain of n + N
monomers. The “combined” chain is connected by its
ends to the nonfluctuating elastic medium, which
deforms affinely with the sample (see Figure 1c). The
components of the end-to-end vector of the combined
chain also deform affinely upon deformation of the
network by factors 1, along the corresponding principal
directionsa =X, Yy, z

[Xlz(la)]& = }'u[le(/la = 1)](1 (2)

We shall omit below the argument A = 1 in the case of
the undeformed network, Xi2(A=1) = X12 = X; — Xz

The network strand of N monomers can be thought
of as a section of the combined chain. Consider the
dependence of the mean square size IR?[= [{X; — Xz)?0]
of this strand on the local elasticity of the network, &,
and the deformation ratios, 1,. Note that we can restrict
our attention to only one principal direction a of network
deformation because of the independence of fluctuations
of a Gaussian network in different directions.

The mean square size of this strand can be expressed
as

[R’C= RA + AR)?D ()

in terms of the average end-to-end distance of the
strand, (R[] and its mean square fluctuation, AR)?(=
(R — ROP0 To find ROwe consider the combined chain
of n+N monomers deformed by the factor 1 with the
average end-to-end distance b(n + N)¥21. The strand
deforms linearly with the deformation of the combined
chain

N
n+ N

AbN

RO= AN
(n + N)¥2

b(n + N)¥21 =

(4)
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The fluctuations of the end-to-end distance of the
network strand are dominated by the shorter of the two
chains: (i) the strand and (ii) the sum of the two virtual
chains. The mean square fluctuations of the end-to-end
vector of the network strand can be calculated by
assuming a parallel connection of the strand of N
monomers and the virtual chain of n monomers:

2 b
HARYTS 1/N + 1/n ®)
If the network is locally stiff, the virtual chains are short
and the fluctuations of the end-to-end vector of the
network strand are suppressed ([{AR)20= b2n for N >
n). But if the network is locally soft, the fluctuations
of the end-to-end vector of the short strand (N < n) are
limited by its size, JAR)?0= b2N. Substituting eqs 4
and 5 into (3) we finally find the mean square size of
the network strand

A?h°N? b> . ..n+A°N
n+NJr b’\'n+N (6)

2
R= 1N+ 1/n

Our main conclusion is that both the elastic properties
of the strand itself (e.g., its length N) and the local
elastic environment of the network at both ends of the
strand determine how it deforms. The local elasticity
of the network is controlled by the fluctuations of the
positions of the potential cross—links. If these fluctua-
tions are small compared to the chain size (stiff local
environment), the strand deforms almost affinely. If
they are large (loose local environment) the strand
deforms only slightly. Similar results were obtained in
a different form by Higgs and Ball.*

3. Entangled Networks

3.1. Nonaffine Tube Model. We now proceed to
consider the elasticity of the entangled network. The
main difference between phantom and entangled net-
works is that in the former the stress of the network is
transmitted to the chain only through its ends, whereas
in the latter it is also transmitted through the topologi-
cal constraints along the whole length of the chain. The
topological constraints imposed on a given chain by its
neighbors confine it to a tube-like region,® see Figure
2a. This confining tube restricting the fluctuations of
the chain can be represented by an effective “topological
potential” acting on the monomers of the chain. The
simplest form of this confining potential is the harmonic
potential, proposed by Edwards® about 30 years ago. In
light of the simple model outlined in the previous
section, the harmonic confining tube potential is equiva-
lent to a set of harmonic virtual chains acting on the
test chain. One can divide the test chain of N
monomers into N/N fragments of N monomers each
and attach the junction points of such fragments to the
virtual chains. The other ends of these virtual chains
are connected to the nonfluctuating elastic solid. The
picture of such a comb polymer is shown in Figure 2b.
The number n of monomers in the virtual chains is
related to their mean square fluctuation £2 = b?n in the
absence of the test chain. For simplicity we neglect the
distribution of the elastic moduli kT/£2 between different
virtual chains corresponding to different regions of the
network (this effect in phantom networks was discussed
in detail in the previous section). We also neglect large
scale chain diffusion along the effective tube, which is
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Figure 2. Test chain of an entangled network. (a) The test
chain is confined by the neighboring chains to a tube-like
region. (b) The confining potential of the tube can be repre-
sented by the virtual chains. There are Ne monomers of the
test chain between neighboring junction points with the virtual
chains. Virtual chains are connecting the test chain to the
nonfluctuating elastic solid at points X;. In the preparation
state virtual chains have N. monomers. (c) The conformation
of the test chain in the swollen network shows that the virtual
chains contain A?N. monomers. Points of attachments of the
virtual chains to the nonfluctuating elastic solid deform
affinely. (d) 4 neighboring virtual chains of the swollen network
can be replaced by a single stiff one containing AN. monomers.

prohibited in the presence of permanent cross—links of
the test chain with the network.

It is shown in the Appendix that the mean square
fluctuations of the test chain monomers (the tube
diameter) with N < n are a2 = b?(Nn)Y2. We can
therefore choose any pair of parameters N and n (the
condition that the fluctuations of middle points between
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junctions should not differ from the junction fluctuations
imposes the constraint N < n'’) such that

nN =const for N <n (7

The key to understanding such “gauge” invariance lies
in the fact that a group of I = N'/N consecutive virtual
chains connected to the test chain can be replaced by
one effective virtual chain with elastic modulus kT/(b?n’)
= IkT/(b?n) (parallel connection of | springs). Thus we
get shorter (stiffer) virtual chains, n' = n/l, separated
by longer strands of the test chain, N' = NI, but the
product of the degrees of polymerization N'n’ = Nn is
left invariant.

The degree of polymerization between entanglements
at the network preparation conditions is denoted by N,
and the tube diameter by a = bN¢¥2 (the mean square
fluctuation of monomers a2 = b2N,). We could attach a
virtual chain to every strand of N monomers (one
virtual chain corresponds to one entanglement—see
Figure 2b). Alternatively, we could place weaker virtual
chains n > N with fewer monomers N = N¢2/n between
attachment points. In both cases the mean square
fluctuation of the monomers of the test chain will be ~
a? = b2N..

In close analogy with the results of the previous
section, the two-point distribution function of the posi-
tions X; and X; (i < j) of the points of attachment of
virtual chains to the elastic solid is described by the
combined chain model consisting of the test chain of (j
— i)N monomers and two virtual strings of n virtual
monomers each. Using the results of this model, we find
the mean square vector Xjj = X; — X; between these
points

(Xip)® = b°[l — iIN + 2n] (8)

Note that there are j — i — 1 virtual side chains
connecting the strand of (j — i)N monomers to the elastic
solid in addition to two virtual chains at the end of the
strand. These virtual side chains do not affect the
guenched mean square vector (eq 8) because we average
over the coordinates of the points of their attachments
to the elastic solid.

The positions of the attachment points deform affinely
with the network deformation, as in the phantom
network model (section 2):

[Xij(A)lo = Aa[X;(2=1)] )

Here 1, are the deformation ratios of the network along
the corresponding principal directions o = X, vy, z.

The major feature of the present model of entangled
networks, which distinguishes it from others models,
is the dependence of the strength of the confining
potential (elasticity of virtual chains) on the network
deformation. Recall that in the previous section we
assumed that the elastic constants of virtual chains did
not change with the deformation of phantom networks.
This is a valid assumption for Gaussian phantom
networks.’® A similar assumption was made by Ed-
wards for entangled networks.® It was implicitly as-
sumed in his model that the strength of the confining
potential does not change with the network deformation.
But the confining potential due to the topological
interactions determines how far a given chain can
fluctuate before it is constrained by its neighbors. Itis
therefore very natural to assume that these fluctuations
(the diameter of the confining tube) change upon
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network deformations, as chains move closer together
or further apart. The average distance between chains
changes affinely with the network deformation. Thus,
we assume that the fluctuations of virtual chains that
characterize the topological stiffness of local enviroment
deform affinely with the network.

£ho) = 4E(4=1) (10)

Equation 10 is the main assumption of our model,
which is valid both for isotropic and for anisotropic
deformations. In the latter case the local topological
environment becomes anisotropic. It depends on the
effective harmonic topological potential (virtual chains)
that splits into three independent harmonic potentials
in the principal directions of the deformation.

For nonphantom Gaussian networks this leads to the
splitting of the three—dimensional problem into three
one—dimensional ones. Therefore it is enough to con-
sider the case of the deformation by a factor 1 in a
particular principal direction. The simplest case of
isotropic swelling in which all the directions are equiva-
lent is considered in the following section.

In the case of isotropic deformations (swelling), 1x =
Ay = 4; = 4, the fluctuations of the virtual chains remain
isotropic &x(A) = &y(A) = &(4) = A&(1). In the case of
anisotropic deformations (e.g., 4y = 4, = 1/«//1_,(), the
fluctuations of virtual chains become anisotropic, lead-
ing to anisotropically deformed tubes (see section 4
below).

3.2. Deformed Network. For simplicity, we begin
with the description of the case of isotropic swelling. The
same description can be applied to the principal direc-
tion of elongation in anisotropically deformed networks
(e.g., along the elongation axis for uniaxial elongation).
If the network is swollen by a factor 4, the fluctuations
of virtual chains change affinely (1) = bn¥2(1) = 1&(1)
= Ab[n(1)]¥2. Therefore the number of “monomers” in
the virtual chains of the deformed network is n(1) =
n(1)A2 and the mean square fluctuation of the test chain
(deformed tube diameter) is

a’(1) = b’ [Nn(1)]¥? = b’ [Nn(1)]¥?1 = a%(1)A

The above equation shows that the tube diameter
deforms nonaffinely

a(l) = a(1)A? (11)

It is important to note the different physical meaning
of the tube diameter a(1) (eq 11) and the fluctuations of
virtual chains &(1) (eq 10). The latter (§(1)) characterizes
the topological stiffness of the local environment, while
the former (a(4)) is the mean fluctuation of the mono-
mers of the chains, which is determined by both the local
topological environment and the stiffness of the chain
itself.

The test chain is attached to several virtual chains
of nA? virtual monomers each. The section of the test
chain between neighboring junction points has N mono-
mers (Figure 2c). Since nA2 > N, each virtual chain is
softer than the strand of the test chain between junction
points and does not significantly deform the test chain.
But we can replace | = NeA/N virtual chains by a single
one without any significant effect on the configurations
of the test chain; see Figure 2d. This replacement leads
to the same number of monomers in a virtual chain and
a strand of the test chain between junction points, N’
= n' = Ned. In this case each virtual chain makes a
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significant contribution to the configuration of the test
chain (modifies its trajectory). The fluctuations of these
virtual chains and of the strands of the test chain
between junction points are of the order of the deformed
tube diameter, a(1) = b(Ned)Y2 = a(1)AY2; see eq 11. If
we consider the undeformed test chain with the same
number of monomers, AN, between junction points, the
number of monomers in the virtual chain would be N/
A. The mean square distance between the points of
attachment of the nearest virtual chains to the affine
solid is (see eq 8 for j =i + 1)

(Xiy — X)% = b®NJ/A + 2b°N A

For the elongation (A > 1) it is determined by the length
of the test chain strand, while for the compression (1 <
1), it is determined by the length of the virtual chains.
After the affine deformation this distance becomes

bNe¥2232  for A>1
bNY2Y2  for A< 1

The distance between the points of attachment of the
neighboring virtual chains is of the order of the length
of the strand between the junction points of the de-
formed test chain (since N' = n'). Note, that in the case
of elongation (1 > 1) the stretched size of this strand of
N’ = NeA monomers is A times longer than the unde-
formed size of the same strand, b(NeA)Y2, implying that
it deforms affinely. Therefore, the size of this strand
of NeA monomers is the affine length scale in the
stretched networks

i[(xi+1 _ Xi)2]1/2 ~

R, = bN,"*A*?  (elongation) (12)
The test chain is stretched by the virtual chains up to
this length scale. At larger length scales the virtual
chains affinely deform the test chain. The reason for
this affine deformation is in the correlation of the points
of attachments of the virtual chains to the affine
nonfluctuating solid along the confining tube of the test
chain.

It is important to emphasize that since the test chain
is stretched on length scales shorter than the affine
length, the size of the stretched subchain of N mono-
mers is N¢/(Ned) = 1/4 of the affine length. Therefore it
is just equal to the deformed tube diameter, bN Y2112,
This proves that our choice for the rescaling of the
virtual chains’ size with the network deformation was
the correct one. Indeed, it leads to a tube diameter
(fluctuation length scale of an affine strand) equal to
the deformed size of the entanglement strand of Ne
monomers.

3.3. Compression. Below we describe the isotropic
deswelling of entangled networks. The same description
can be applied to the principal direction of compression
in the anisotropically deformed networks. The deformed
tube diameter of the compressed network (A < 1),
bNe2)12, is smaller then that of the undeformed one
(bN¢2), and the strand of the size between neighboring
virtual chains contains fewer monomers than the origi-
nal entanglement strand (NeA < N¢). We note that these
virtual chains in the undeformed configuration contain
Ne/A monomers and connect the test chain to the regions
of the network outside the original tube (bNg2/A12 >
bN2). These topological interactions (modeled by the
virtual chains), though weak (<kT of stored energy) in
the undeformed network, become important in the
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contracted state. The initially remote sections of the
network near the points of attachments of virtual chains
to the affine solid get folded into the test chain and
introduce “additional” topological constraints, making
the effective degree of polymerization between entangle-
ments shorter. We put “additional” in quotes because
these topological interactions were already present in
the undeformed network (the topology is fixed at the
moment of cross—linking and does not change upon
deformation). The weakness of the virtual chains
related to these topological interactions in the unde-
formed network implies that each of them separately
does not affect confinement of the test chain in any
major way. But collectively these weak virtual chains
confine an undeformed test chain into its tube. These
individually weak, but numerous, virtual chains became
important only upon contraction, confining the test
chain into a much tighter entanglement net (narrower
tube).

Another important feature of the network contraction
arises from the fact that the mean square distance
between points of attachment of the virtual chains to
the affine solid in the undeformed network is

(Xit1—Xi)2 = b2Ng/A for all | < 1/A2 (that is until the
separation of the junction points between the test chain
and the virtual chains becomes of the order of the size
of virtual chains, INeA = N¢/1); see eq 8. This implies
that upon contraction all these | = 1/A2 consecutive
attachment points get squeezed into one tube diameter

A(Xk+1—XK)2]Y2 = bNgY2A12 =~ a(1). Therefore 1/A2 con-
secutive strands of NeA monomers get folded into the
same length scale of a(1). Thus, the size of the strand
of the test chain of N¢/A monomers is almost the same
as the size of the strand of Ne.A monomers and this
length defines the affine length of the compressed
network

R ~ a(l) = bN,"?A"?  (compression) (13)

The points of attachment of virtual chains to the affine
solid that are separated by more then N/A monomers
of the test chain do not contract into the same region of
the network.

The long virtual chains in the undeformed state imply
the existence of topological interactions in the network
extending well beyond the diameter of the tube. The
physical origin of these extended topological interactions
is the following: In the contracted state the test chain
is confined to a narrow tube. This means that the
strands of the network are overlapping with it, imposing
“additional” topological constraints and making the
degree of polymerization between such additional en-
tanglements shorter. But the topology of the network
was fixed in the preparation state. Therefore, the same
“additional” topological constraints exist both in con-
tracted and in undeformed states. They are imposed
by the chains that are outside the tube of the test chain
in the undeformed state, but overlap with it in the
contracted state. The effect of these topological con-
straints on the confinement of the test chain is much
stronger in the contracted state than in the undeformed
one.

3.4. Short Summary. We can summarize our
understanding of the behavior of the chain on different
scales by the following simple equation for the mean
square distance between monomers i and j of the chain
separated by N = |i — j| monomers:
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N + A°N

R~ b’N——————
N NA + N

(14)

Notice that this expression is analogous to eq 6 for the
mean square size of the chain of N monomers in the
phantom network with the number n = N4 of mono-
mers of the virtual chain. But we stress that eq 14 has
a different meaning since it describes the deformations
of a chain confined in a typical tube rather than a
phantom chain connected to the network by its ends.
This analogy is not surprising because of the same
underlying physics that was laid in the foundation of
both models. Equation 14 clearly shows that the chains
of the entangled network deform affinely only on scales
larger than the affine length R defined by egs 12 and
13.

4. Stress in Deformed Polymer Networks

In the phantom Gaussian networks the distance

between the end points of a typical strand of N mono-
mers varies affinely with the network deformation. The
stretched strand stores kTi? of elastic energy. The

number density of strands is ¢/N, where ¢ is the
monomer concentration. This leads to the well-known
estimate for the free energy density of a phantom

network kTA2(c/N). The free energy density of aniso-
tropically deformed Gaussian networks can be found
from the fact that the fluctuations of monomers are
independent in different principal directions of deforma-
tions:

A’ Al
F (/l)szizi=G S— (15)
Ph NT 2 %2

where 4, is the network expansion factor in the a-direc-
tion and G. is the shear modulus of the phantom

network G, = kTc/N.1®

We can apply the above ideas to find the free energy
of entangled networks. Consider the case of a network
isotropically swollen by a factor A > 1. The main
difference between entangled and phantom networks is
that in the former the number of monomers in the affine
strand, N4, depends on network deformation 4. Each
such strand deforms affinely with the network deforma-
tion and carries kTA? of elastic energy. Thus the free
energy density of a stretched entangled network can be
estimated as kTA2[c/(Ned)] = KTcA/Ne. In the case of
isotropic compression, 4 < 1, the strand of NeA mono-
mers is not stretched but rather forms a loop that stores
KT of free energy. Therefore the free energy density of
a compressed entangled network is equal to KTc/(NeA).
Using the above estimates, we can construct the follow-
ing simple expression for an isotropically deformed
entangled network Fent = KT(c/Ne)(A + 1/1), which
smoothly crosses between the stretched (1 > 1) and
compressed (A < 1) cases.

The mean-squared monomer fluctuations &,(1,) =
b(Nele)Y2 of an anisotropically deformed network depend
on the principal directions of the network deformation
o = X, Y, z. The free energy density of a Gaussian
nonphantom network is the sum of the contributions
from these principal directions

1
Jat o

1
Ao+ —

2 (16)

C
Foni®) = KT

e a

= Gez

Q, Q
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where G = kTc/Ne.. Note that G; is equal to the plateau
modulus of entangled polymer solutions or melts before
cross-linking.?° Using egs 15 and 16, we finally find the
expression for the elastic free energy density of an
anisotropically deformed network

F(4) = Fon(4) + Feni(4) (17)

which interpolates between the cases of phantom and
entangled regimes of deformation. A qualitatively
similar expression for the free energy F(4) = > «(E1dq +
E»2) was proposed?! to describe the experimental data
on uniaxial and biaxial stretching. The analogous
expression was proposed a long time ago?? for the free
energy of compressed gels F(4) = 3 4(C"/Aq + C'142).

We now apply the above free energy density (eq 17)
to find the stress—strain dependences for a uniaxially
deformed incompressible network with A, = 4 and Ay =
A, = 1/¥/4. For 1 > 1 the network is stretched in the
x-direction and compressed in the y- and z-directions.
The typical chain of the network is elongated along the
x-axis on the affine scale bN2132 and is confined in
the y- and z-directions on the scale of the tube diameter
a(1/v/2) = bNY2/AY4. Thus, the tube in the uniaxially
deformed network becomes highly anisotropic. The
force per unit area of undeformed sample needed to
stretch such network by the factor 1 is

f=0F(A)/L~GA—1)+GA—-21Ha+1
(18)

The experimental data are usually presented in the
Mooney—Rivlin form

- f
(A7) = =G
@) A—A2

(19)

+ e
Ay L)
Examples of the Mooney—Rivlin plots for polybutadiene
networks are presented in Figure 3a,b. The symbols
in Figure 3a correspond to the networks formed by
radiation cross-linking of polybutadiene melts with
molecular weight 344 000 and deformed in undiluted
state.?* The lines in Figure 3a are the best fits of the
data?* to our expression f*(171) (eq 19). The parameters
of the fits are G, = 0.8 MPa for all three sets of data
and G; = 0.51 MPa, G; = 0.42 MPa and G, = 0.35 MPa
for denser, intermediately and looser cross-linked net-
works respectively. The value of entangled modulus G
is very close to the measured plateau modulus of the
polybutadiene melt GY, = 1.16 MPa.2* The three fitted
values of G; are approximately proportional to the
radiation doses, which should themselves be propor-
tional to the densities of cross-links. This is consistent
with our model relating the modulus G, to chemical
cross-links (eq 15).

Figure 3b represents the data for the polybutadiene
networks cured in 50% tetradecane solutions with a
molecular weight of 168 000. The best fits of the data
to our model (eq 19) were obtained with parameters G
= 0.17 MPa for all three sets of data and G, = 0.22 MPa,
G; = 0.17 MPa, and G; = 0.14 MPa. It is striking that
the dependence of the modulus G, on concentration
coincides with that of the plateau modulus in polymer
solutions,?® G, ~ ¢23. The values of the modulus G are
again proportional to the radiation doses, as in the dry
networks.

The Mooney—Rivlin plot is usually fitted by the
phenomenological equation
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Figure 3. Mooney—Rivlin plots of the polybutadiene networks:
24 (@) networks formed by radiation cross-linking of polybuta-
diene melts and deformed in the undiluted state. (b) networks
formed in a 50% solution of polybutadiene in tetradecane and
deformed at the same concentration. Lines are the best fits to

our stress—strain relation (19); see text for more details.

f*(A71) =2C, + 2C,A 7" (20)

In the range covered by the data our fits are practically
indistinguishable from the standard ones (eq 20). Itis
interesting to calculate the parameters of the Mooney—
Rivlin equation 2C; and 2C, from our microscopic model.
Expanding our eq 19 about the undeformed network
state (A = 1), we obtain the simple relations

1
2C, =G, + EGE
2C. = 1
C,= EGe (21)

These relations were noticed for cross-linked ethylene—
propylene copolymers?6 and for polybutadiene?* and end-
linked poly(dimethylsiloxane) networks. Equations 21
imply that the Mooney—Rivlin parameter 2C, accounts
only for half of the topological contribution to the
network modulus. The parameter 2C; includes the
entire chemical contribution and the second half of the
topological contribution. We stress that the standard
interpretation of the Mooney—Rivlin parameters is quite
different.2” It is routinely assumed that the parameter
2C; is only due to chemical cross-links, while the
parameter 2C; includes all of the topological contribu-
tion.

5. Discussion

We have proposed a unified model of both entangled
and unentangled networks. We have introduced the
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affine length Ry that separates the two qualitatively
different types of deformation. Parts of the network of
sizes larger then Ry deform affinely with the whole
sample. The deformation picture on scales smaller then
Rasr is that of individual stretched or compressed chains.
In phantom networks the scale Ras is the distance
between cross-links, which changes affinely
R, =bNY?1  (phantom)

Upon elongation of entangled networks, Ras grows faster
then the tube diameter

R, = bN."?2*?  (elongation)
and corresponds to the size of the stretched strand of
Ned > Ne monomers (see Figure 2d). The environment
of the strand becomes looser since the surrounding
chains move apart from each other. Such disinterpen-
etration of chains upon the network swelling has been
observed experimentally.® The amplitude of fluctua-

tions of monomers belonging to such strands defines the
tube diameter, which grows nonaffinely:

a = bN,"2"? (22)

A similar expression for the tube diameter was proposed
several years ago to obtain the best fit of the scattering
profiles of labeled chains in uniaxially deformed net-
works,28-31

The tube diameter predicted by our model (eq 22) is
equal to the size of the stretched entanglement strand
of Ne monomers. This result confirms the internal self-
consistency of our model: the tube diameter of the
deformed network is controlled by the same number of
monomers between entanglements as in the undeformed
one. Thus the network topology (which is characterized
in our model by the number N, of monomers between
entanglements) does not change upon deformation.

Upon compression of the network the affine size
decreases nonaffinely:

R, = bN,"?A"?  (compression)

The number of monomers in this affine strand is N¢/A.
The conformation of this confined strand corresponds
to 1/A2 sections of NeA monomers in each folded into the
same volume. Therefore the tube diameter coincides
with the affine length and is determined by the same
expression (eq 22) as for elongation. The smallest chain
strand of this size contains NeA monomers and is shorter
than the strand of N. monomers between “true” en-
tanglements. Therefore the compression reveals “ad-
ditional” topological entanglements, which were already
present but not important in the undeformed network.
The appearance of such “additional” entanglements is
due to the large number of additional strands that fold
in and overlap with a given one.

Note that the simplest model of harmonic topological
potential® utilized in the present paper does not allow
the redistribution of stored chain length along the tube.
This effect could be important for anisotropically de-
formed network, where the stored length from the
compressed (less stretched) sections of the tube will be
transferred into more stretched sections. We will
discuss this effect in more detail in the future publica-
tion.32
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Our simple estimate of the free energy of the de-
formed network (17) leads to the stress—strain relation
(19), which is practically indistinguishable from the
empirical Mooney—Rivlin dependence (20). This pro-
vides a microscopic explanation of the nonlinear elastic-
ity of polymer networks. We demonstrated that topo-
logical interactions contribute to both phenomenological
parameters 2C; and 2C; of the Mooney—Rivlin relation
(21).

We would like to stress the qualitative difference
between topological entanglements in polymer liquids
(solutions and melts) and those in polymer solids
(networks and gels). In polymer solutions the topologi-
cal entanglements reequilibrate and adjust to new
thermodynamic conditions (e.g., upon dilution). In
contrast to polymer liquids, the topological structure of
networks does not change with thermodynamic condi-
tions (e.g., upon deformation) and was fixed once and
for all during their preparation. This difference is
apparent in the concentration dependence of the tube
diameter. The tube diameter of polymer networks
changes upon their deformation as a ~ 112 (eq 22). The
deformation factor A increases with decreasing concen-
tration c as A ~ ¢c~¥3 upon network swelling. This leads
to a very weak concentration dependence of the tube
diameter of swollen networks

Bper ~ € (23)
The concentration dependence of tube diameter of
polymer solution upon dilution of ®-solvents?® agy ~ ¢=23
is much stronger than that in polymer networks (eq 23).
The tube diameter of the network at preparation condi-
tions and the diameter of the corresponding solution or
melt at the same concentration are of the same order.
Upon swelling, the fluctuations in the network are more
constrained than those in the solution upon dilution,
anet < agol. The topological constraints can be character-
ized by the number of monomers between entangle-
ments Ne. The topology of the network was frozen in
the preparation conditions of high density, and N does
not change upon swelling. Therefore the tube diameter
in a swollen network is smaller than in solutions where
the number of monomers between entanglements in-
creases significantly upon dilution ((Ne)sot ~ ¢™#3 in a
®-solvent?).

The main essence of the present paper is in the
importance of the nonaffine deformations for the non-
linear elasticity of the entangled networks. These
nonaffine deformations are derived from the simplest
assumption of the harmonic topological potential (vir-
tual chains) confining Gaussian chains into nonaffinely
deformed tubes (eq 22).

Appendix. Fluctuations of Junction Points in a
Comb Polymer

Let us calculate the mean square fluctuations [AR)20
of the junction points connecting the virtual chains to
the test one. Such fluctuations can be represented by
an effective elastic modulus

Ko = KT/AR)?0 (A1)

of a comb polymer with all of its ends fixed in space.
The other ends of side branches (virtual chains of n
monomers) of the comb polymer are connected to the
backbone. The junction points along the backbone are
spaced N monomers apart; see Figure 4a. Note that the
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Figure 4. Elastic modulus of a comb polymer. (a) An infinite
comb polymer can be represented as a parallel connection of
a virtual chain and two semi-infinite combs. (b) A recurrent
scheme can be used for the calculation of the elastic modulus
of the semi-infinite comb polymer.

modulus of the comb polymer differs from the modulus
kT/(b2n) of one isolated virtual chain since it is con-
nected in “parallel” to the two semi-infinite comb
polymers (see Figure 4a). Indeed, the deformation of
one end of this virtual chain leads to the simultaneous
deformation of these combs. The effective modulus Kes
of such connections of the virtual chain to the two semi-
infinite combs with a certain (yet unknown) modulus K
is

Ko = KT/(b?n) + 2K (A2)

The value of K can be calculated as the elastic modulus
of the sequential connection of two springs: the chain
of N monomers and a parallel connection of a virtual
chain and one semi-infinite comb (see Figure 4b):

A S — (A3)
K KkT/(0®°N)  kT/(b’n) + K

This is a quadratic equation for the modulus K of the
semi-infinite comb with the solution

K:

KT (1 N 4n)1/2 B 1]

an A4
2b°n (A4)

N

Substituting the modulus of the semi-infinite comb K
into eq A2 we get the effective elastic modulus at a
junction point

Ketr (A5)

KT, | 4nype
(1+ N)

_[)2_n il

Comparing egs A5 and A1, we finally find the following
simple result for the mean square fluctuations of the
junction point between the test chain and the virtual
one

MARY?C= b%n (1 v %”)_”2 (A6)

In the limit N > n the fluctuations of the junction
point are limited by a single virtual chain
QAR O=b?n  for N>n (A7)
In this limit the middle sections of the test strands
fluctuate much more than the junction points. In the
opposite limit, N < n, the fluctuations of the junction
point are controlled by both test chain’s segments of N
monomers between junction points and by the virtual
chains

QAR)’D= b?(Nn)*%2  for N<n (A8)
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All the monomers of the test chain have (almost) the
same amplitude of fluctuations in this limit.
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